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~, _This peper is concerned with techniques fof increasing the under-
standability of statistics textbooks. The paper focuses on six major issues:
(1) pypsentation of preréquisite information, (2) use of familiar models and
panipuletives, (3) sequencing from familiar-to-formal, (4} incorporating
adjuncl/ questions that encourage active processing, (5) using worked out
examples to’ teach strategies, and (6) providing explicit training in represen-
‘tation and categorization of prdblems. Por each issue, an explanation, example,

»

and rationale’is provided. ' ~
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BUPPOBB you vere going to write a textbook section to teach,the concept of

. + f

binourla.l probability, es shown in Ta.ble 1. BSuppose you wanted to teach in such
a way that the rea.der would b able to use the information in new situations,

. i.e. 8o ‘that there would be "transter of training.” How should you design the

-

- textbook lesson to best achieve your goa.l of c-onceptual understandins ot the
* “
eoncept of binomial p.robability? . ’ .

‘I‘he above example motivates the present paper. . This paper is concerned
' <
with techniques for improving the understendability of statistics textbooks for

[ §
novices. Understandability is measured by tests of the reeder 8 pérformance on
creative transfer problens thqt require usins the material from the text in novel

situa.tions..

» .

-
- Pl

The goal of this paper is restricted in several ways., Firet ,ttre\pesign ot

s good statistics textbook involves decisions concerning both coﬂtent (1 e.

v+ "what lto' teach" )‘ and.instructional methods (i.e. ','Bow ta teach"). In light.,:or
“the dietinguiahed statisticians in attendance at this sympoa:lm, I feel it would
be Presumptuous of nme to make recqmendations concerning curriculum. Thus, I

. ha.ve decided to reétrfct this paper only to the .'ba.tter iaaue-—instrucﬂionel '
design of statistica textbooks. . . ’ - *

L

-~/

(Second this paper is redtricted in terms of the inotructignal objectives
i .

it a.ddressee.' A statiatics teztbook'writer ( or user) ma§ have seéveral ditterent

LI +
4

. kinds or objectives in mind, ipcluding: Y -

. grocedural akill-—Thio objective involves t;aching students how to use ‘
e rormx;u and- procedures 1n order to compute a co;reet numerical,
answer, The godl ig follow a procedure and to "get the right answver."
concggtu.el undez‘standig&-—‘lhis objective imrolves relating the computetione.l
¥

‘ -Procedure to other bpsic knowledge tha.t _the Jdearner alreedy possess,

y ‘I‘he goal is to "underetend vhat you are doing." .A student who has ’.




related the procedure to his owvn éx:/lstina knowvledge should de able

to ansver queations '1nvol'v.‘mg Vhen to use theJormula, recognize that

-’

some problems are impoas:lble, determine '.rhether soma additional infor-

_ ma.p:lon is needed, be able to use the formula in novel transfer situa-
| a e
b

tion' - - " . \ - - - #

L[]
-, -

th‘eoget:léa.l cMencg--Thil goal invelves deriving the’ f‘ormula or procedure
from more basic premiles. Generally,' algebraic rep:eeentqtions or <

gecmetric representations are used.

L , ' :
Table 2 provides ‘examples of problems related to each of these instructional
' ’ ~

goals. . . e

The present paper will focus primarily on ;*,he second kind of instructional
obJect:lvé—-concep'tua.l understanding. Techniques commonly used to achieve the
first objective ':lnvolye: explicit presentation of the formula and progedure

in steps such as a cookbook, providing drill and prectice on how to compute the

correct answer, evaluat:ln_g progress using a mastery procedure. éince the pro-
cedures for enhancing computational skill are well known, they will not be &e'alt
vith further. Since the third objective 18 nore frequently lavolved vhen the
learner is not an novice, :lf: will not 'be dea.ltﬂwith. Thue,-the rema.inder of

this-x\aper deals with recocmendations for 'hcw to address the goal of "conteptusal
. -

understanding.” : . ' " o

Al

WVhat can be done to increase the. underatandability of stat:lat:lcs .text.books?
Below are listed 8ix recommendations ror e:lther writins or gelecting textbooks.

These recomemdn.tioha a.re rel ant on:lq vhen the inntructionnl ob.}ective 18

"conceptual understanding." For each recomendation, & br:l.er explanation,

exanple, and rationale are given. ) ' '




(1) Provide prerequisite inrornition . o

.

Explanation, Using standard task uul:rsis techniques (e g. see Greeno, 1976,
Résr;ick, 1976),. deternine the soncepts, idees, and skills that are needéd fo; -
mderatanding the new inforzmation. In order to ma.‘l:e sure the lemer poasesses
the pi‘éreqtisite 1nformation, provide a short introductory ' story at r:bhe: beginn:lns
of each chapter or section, The introductory story should expl&i.n the prerequis-
‘ite mfomtion. (Another technique is to provide .a: short test of prerequisite '
knoﬂedge at the beginning of, each lesson, then‘'refer rea.ders the appropriate

-

pages or appendices for instructipn tha.t 18 needed.)

" Example. For exsmple, ror the concept of bincmial probability, the ;.earner

must have & good understanding of "eombinatorial analysis" and "Joint proba'bil- / .
ity.” "m0 understand combinatori&l ana.‘lysia, s student zust undorstand the con-

cepts of tr:ta.l, oirbcome, success, fa.ilure, sequence of outcomis- to understand

4

Joint probebﬁ:lty, 8 student nust tmdmtand the concept or proba:bilitr of an
event. Thus, an introdu::tory story 1s n noeded thet toa.chea this prevequisite
information. An example is given 1n Table 3. R
Ratio:;al.l)e. In a serdes of ‘experinments (Mayer, Stjehl & Greeno, 1.915;‘ Mayer,
19758}, subjects were taught basic statistical infpfration such as how to use
the tormala for binomial probebility. Some suble weqp taugt in a vay that
emphasized conceptual ,qum while others vere tiught in & way that
emphasized following the steps in the formula like & cookbook. ALl subjects
were given pretests for prerequiuite concepts such as intuitions about probability
and combinationa Aptituda—treatmnt intermtions (ATIs) were obtained in which '
subaects given conceptual in:truction perromed better 1if they posaaased ,appro-
priate prerequisite ideas, dut sub.jectn given cookbook instruction mtomed
Just as well “with high as  vith lov levels of prerequ;_.sito ideas. Sinila.rng, in
othgr studies subjects wero c::lther given protraini:_z-g in prerequisite ideas or ndt.
. - 5 ' ' '
S — R

- .




vides an example text. L.

The performance of subjects given conceptual instruction was sided by this pre-

training ut au‘bJacta given cookboo instruction werg not a8 strongly 1n£1uenced

" by pre—trainins. ihus, there 1a evidence that when conceptual understanding is

the goal of inatruction, atﬂdehta should poaaeaa the appropriate anchoring 1deaa
prior to 1natruction. JIt nmat be 'gpted that atudenta vho scored low 1n pre-
requisite lmovledga actually 1earned more frcm a cookbook approach than from a
conceptual approach, while students who scored high {or were given pretraininq)
1n prevequisite knowledge learned more from a conceptual approach than & cookbook
approach, An implication is that if a conceptuaf approach 1a golng to be used

in a tertpook then it is important to preaent the specifically relevant pre~

S

requisite 1nfpmation.

.

(2) Begin w:lth a concrete, familiar model. ] ' ' . : -
” b Il *

E_:E tion. Begin by, 'building on knowledse that the learner alrehdy 13
rmil:lar \rith. Belect & concrete ai‘guational example that is analogous to the .
formula or procedure. The text may even suggest a manipulative that can be 'bui:!.t
by the learner using simple materials, ' . ‘

. Example. PGr exszple, in the binomial probability lesson, separate models
mc:;r.'be needed for com'binctioﬁa and Jolnt pro‘babflity For combinations, a congrete,
rmiliar situation 1nvol¢ea the problem of how to seat a certain mumber of guests

at a dinner table. The mmber of, cv&‘!.lable ‘seats is analogous to the number of

., triala (%), cnd the nuaber of gueata is analogoua to the nunber of successes (r).

{
Asking, "how many ways can you seat 3 pecple at a table for " is analogoua to

asking, "how RARY WAy can Yyou have 3 successes out, of b trisls.” Ta'ble La prd—
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Rationale. The use of concrete advance orggnizers and man.fpulat:l.vea :la

science and mat!:ematics prose has been subJecte(Lf_‘.to intensive study (see Mayer,
‘ 1_9793, 1979b for revi‘ewa).. In a typical st@, éubdecﬁ read 8 pe::'t Passage on*
computer prograzming. Some subjects received & one page :I.nt;'oduc'lg:lon that priz-
sented a concrete model of the com.putefr, showing memory as an’ erasable score-
board,' input t;s a ticket window,.output as a neéauge note pad, and executive
contrcl as a shopping list. Subjects who were given the familiar model pr:lc:r to’
reading the lessoh performed better on solving '.I:ragsfer problems while those who
vere not given the model performed best on retention of the si;nple facts in the
'l‘x‘::)klet. The re‘aults of series of studies is cons:ls.tent: w'.lt:h.the idea that the

A

. model serves as a context to which new formal or technical information can be
. d&ssimilated. The role of concrete models in imin'oving transfer performance has

v long been acknowledged in mthematﬁ:s education (Browell & Moser, 1949, Wertheimer,
g . ! . - .
195Nﬁ . ~
. \ i , :
l\ !32 Fﬁ_ uence m the femiliar to the formal. ; ' : . |

§ . , . ' T
Explanation. Do not provide a formal statement of the rule g¢r the compute-
\ 3 L4

tionel steps in the procedure until you have g%ven a coﬁceptual explanation -
) using the concrete model. When the formia is given, it should follow the con-
’ 1 ]

crete model and be related to it. Thus, the lesson should move. from the famfliar
- * . . ‘ .‘ . "

' and concrete to the formula ratththa.n the other way around. T

’ ' L} [ ’ WY - ’ A

Example., For example, in teaching the concept of combinatorial analysis,

the table sitting model shoul}come before the Tprmula. The‘emple in Table Lb

shovs hoy the formula is given g8 a swmmary or description after a conteptual

» ‘explanation has been provided, ) . .

’ Rationale. In a series of expei'imnta (Mayer & Greeno, 1972; Mayer, 197k,

1975a), &ubjects read a lesson on bincmial probability. For some subjects the
. . / L]

, .
' lesson began with a statement of the formula and a 1ist of computational steps as

7 . -

\
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‘ . . . '6 .
in & cookbook, with conceptual information presemted after computation with the
formula had been emphasized F?r‘?bher subjects the lesson began with a
description of the concrete, fanillar concepts &nd built up %o the formula, only
st;.ting the f.omula efter it had ‘Been expluined in English. ‘Both bo'oklets pre~
sented the same basic 1nromt:lon and examplea, ,only th.e sequencing and emphaais
differed. Subjects given the formal-to-familiar aequencins performed best on

. solving problems 1ike those given in the lesson--i.e. on fast and accurate
applicaticn of the fqrmula. Subjects given the femfljar-to-formal sequencing i

performed best on solving creative t:'-ansrer questions and on recognizing un-

answera.ble probvlems. Ttnm there vas A consi,atently obtained pattern, in which
the fe:nil:lar-to—-r’orml sequence improved transrer perfomance vhile the forma}.
fan{liar sequence improved retentiofs . o ) “

(4 Maintain » balance between onal and conceptual questions

.- Explanation. Student look for cues, In the text for vhat to pey attention .
to. If the text emphasizes the formyla, ahd gives many pra.etice problems that
involve computing an answer using the romula. the student w!.ll assume that the
goal of instruction is computational profic:lenw ' 12 the text exphasizes
questions on conceptual understanding P we1,'l. as strict],v ccuputational queations,
the 1earner wvill direct his/her attention to more portions of tha{dxt ¢ Thus,

the text lhould mclude a vwariety of ad,j_tmct‘quesions. rather than emphasizq
only computation qn.‘leation‘s. . LT |

| Example. Table 5 provides some exarple qhestions that may be inserted in
.the text for binqmia-:’ prommty'. or glven at the start of the text a5 o gort.

‘1 .

of "1nstruét10na.1 'ob.jective'. Bous questions focus on cbmputation and some ]
. @ [N .
focus on verbatim, ner:lnit:loih and some focus on relating the formula to ram:lliar

] - -

* °  knowledge. . . . .. . .
* L . . . .
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Rat.ionale. In a series of studies (Meyer’, 1975b), we acked students to read

an 8-1esson sequence on probability theory and combinatorial analysis. After ea.ch

Yot the rirst- ié lessons, BUbJECtS recedved queet.ions that e.sked .f'or ccmputing
o C a mmericel answer using the formula (computation), giving a verbatim &efinition
from the text (definition) or relating t0 a concrete model that was giveniin the ° v

,t.ext (model). Although subJe_cts received only one kind of question for each of

L4

* the first,si’x 1eesons, they were given all three t'ypee of, questions for the

material in lessons 7 and 8. The students who expected computatiOn questions or

" definition questions 'perrormed well on what they expected Jbut not on other types
'Bt questidns,’ the subjects who éxpected model questions performed vell on all

.ty'pee of que;tions. The seine result ;re.s obtained wvhen the qﬁeetions were given

before each lesson as an instructional objective. Appe.rently, ad:iunct questions

\\ and behavioral objectives may serve to direct the learner's attention--eithey to )
focus on how to use the formula or, to.goncaptual information phat explains the
LI - . :" - o 7
. . &
underlying idees. - ~ . '

%

(5) Provide msny detailed worked-out examples nf good solutinp strategies
- / P )

(IR Explanation. Once the text has presented the prerequisite information, the

' concEPtua.l model and t.he tormula, it is time to provide practice in how to solve

prob!,ens One wsy t.o e.'hlow the 1earner to aevelop _a. sense of elegance and style
) ./
in ﬁolvins statistical .problems is to provide many worked out examples. The

¢ f

examples should be 'ded in surricient detail for the student to see every step ‘
- s
¢+ and wvhat each step ‘means. 'I'hus, the worked out examples should shoy the strategy
that a 3ood statistician goes tbrough, including co:mentary " rather than empha-

sizing tbe final auswer. Worked out examplee give the reader a chance to se“e the _' .
* — . Y .

-

3 relatienship bemen problm and solution strafegies. * ‘- . -
mﬂ Table 6 proﬁdes pons worked out examplee tor)the binomial proba~

bility lesson. Scme problems sghow how to use the formule efficiently, others show

4




‘how to answer other k:l.nde of queetione. Students showld try a pro‘blem, a.nd then

. cor.upare his: anwer to tha.t of the “cxpert."," C . .

“ o Raticnele. Recent research (Larkiﬁ? McDermott, Simon & Simon, 1980) suggests
the.t there are me.jor differences between the stratesiee that 3xperts novices
uee to solve i:hyerce problems. ,In co;npering e;tpert and novice pr len golving,
Bimon (1980) has suggested that experts are more effective becatse they, he.ve
‘been ezpoted to pany problems. Thus, one tactor in develo:iing expert eolving
problen;s is to see 1ote of worked out problems. A secondl factor that enhancee .

expert-like pro‘blem solvihg is leaming of general problem solving skills. For

emmple, Schoenreld (1979) vas a.ble to teac‘h heuristics lfor solv:lng ma’{emetics

problems to etudente by explicitly stati{ng the etra.tegy and giving. exomples.

Similarly, in a classic study quc§ & Broder (1950) improved perforzmance on

* / problem solving tésts by having novices observe the process that _experts go
. - /

.. through in eolvfng problefne. Thu.s, there-is some evidence that practice in

) neeing exarples uorked out by, experte can e useful in learning expert problem

- »
) s

"holving.- . .. oL L .
(6)° Give explicit training in re:preeentetfon and categor¥ation of'problems

E_xg tign. Me:w or the difficu],tiee that etu$ents experience in solving

bl

“story pro‘blem-or 211 kindu is an 1na‘b111ty to kngw vt to do, Inspite of com-

- i
pitationel proﬁciency, etudente are often “stuck" when asked to solve story
problene. «Hrat, explicit instruction may be given for categorization of pro’bleme,
the dstinguishing conditfo‘n: for the use of each formila (or test) should be

4

clearly eta.ted, and rea.dere should de given pre.ctice in “pattern matching"”
. rs .

between pr;bleml and apdropriate statistical tests. Becond, explicit instruction

pay de given for how to represeht prohlem. aub.jecte need training in how to find

Y
v

the key va.riablee in & story pro‘blen. . "

]
» L -
. 2 s ' . »
- . Y \ o . - 2 v
N .
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Example. As an exemple, leﬁa consider how to teach ebotpb cetegorization o.nd
representation of binomid.l probability problems ihble Ta shovﬂ sone possible

treining on hov to categorize the distingg.iahing cha.racteristica of binonial

probability, Joint probability, and combinationa problema a.re given. The rea.der |
L s,

is given pattern matchina practice in when each rormula is relevant (and not

z‘elevaht) ',hble 7b shows sone posrzzl.bldL training on how t«g ,Jrepresent a atory. .
] . .
the learner must find the key variables in the problem and fit‘. the values into

— L]

¢ , .

an equation. (

‘. [

: Rationale, Recent reaearch by Hayes and his _colleagues (Binsléy, Hayes &
Simcn. 19'{7, Hayes, Wat\é'ma.n % Robinqpn, 1977 5 Robinson & Ha:res 1978) suggestn
’thc‘b'studenta are easily able td rea.d a story P blcm and classify it by type. -
Hamr apperent difficulties occur becayse rstudent have cleasi.ried a probl aa

s e
.o . +

one type when it ig really a.ncther. Recently, H.eyer (1982) has developed a
e

texonomy of over 100 different basic types of aldebra story problems. Apparent]y, |
T |

subjects use certeip ! gues from the problen to detemine which "r,pnm*" is 3

relevant® In enother line of studies, Bobrow (1968) develcped a computer prosrem

e

1

. .. ™
" that trenaletes story problems into equations. More recently, Mary Johhson and I , |
T Oy

have explicitl:,r tauah‘b the steps that the prpgram uses to human subﬂects. explicit. T
l

|

|

7

|

|

|

i

»

training increased the tranalation.perromance of low ability ,sub:jects but 7ot
high ebility subjects. Thua, therb ia evidence that students may beneﬁt fron

training in how to cetegorize problcms (1. e. how to determine vhich fomula is .
L}

relevant) and how to translate prob;l.emn (1.e. how to find thc values for the key .
variables),. : .. ) %
) 28,

»
[ =

TE.?."’"‘ suggestions givcn ab'o\re are not fool-proof'lgu'idclineé based on éoli'd
reaeerch aupporz Rcther, they are "atete of the art" proposals that require
. . V-

rurthor tentins end rei‘inement Cortainly, the experience of the te’x}book, euthor

(qr aelector) nust be used in con.junction vith any se‘b of recomenda.’&ions. =




-~ oL . . 10
. ' - 4 H * ’ .
However, I hope that research will continue in the area of textbook design, and

tha.t these recomenda.tionq \rill atimula.te further improvements in statistics

text‘oooks thkt are used in our nation s,cla.ss;-ooms ! . ’ “1
o \ T
» v i v d — ) ’ ~ * o ’ -7
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s Table 1 y
"Mhe Formula for Binomial Probability
v - Y

L] r
LY .

' P(rlid. - (m%n') x () o @

F 4 )

where P(r/H) stands for binomial probability, § °
C o ] ) . .

. stands for nimben of trisls, r stands for nfr.nber
of successes, and p stands for probabili%y'or

success. LI .
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« ~ Table 2

» . . -’ .
Questions for Three Kinds of Instructional Objectives

. 4
Procedural Sk#ll

Ir¥=k, =3 p=.2, use the-formula to find P(x/K).

K
Conceptual Understanding- .
Suppose that two people out of every nine in a certain town lixe

John Ha;yne novies. Ir & umple is taken, Vhat is the probability

that two peopl:e in the' sazple, 1ike John Wayne movies?

(Kot answerable) *oe )
. A .

"Is there a difference befween tho promiuty t¥at tvo dice - .
, arol.led at once both come up 6 and the probability that one

die rolled tw:lco comas up 6 'both Ximes? .

L4 L]
» -
] LI ,
.

¢ “Theoretical Competence -

Derive the rorlmla. for nuober of combinations /,_C\ —R—n-

L
e
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- T Table 3
. ) Int:;odﬁction to Some Prerequisite Concepts .
- *

-

'I'wo i.lﬁporta.nt c’bncepts are tri’lo and outcomes. A trial is aomething

ve dg. The outcome or a trial is :hmt vhat happens on tho trial. Uaually

there are aeveral poasible outcomes of a tria.l. : :

, For example, imagingolling a die. ‘Rolling the die 15 a trial.
*The possible outcomea are tho numbers 1, 2, 3, 4, 5, and 6, The number

that comes up 'wben ve roll tho die 1s c¢called the outcome of: the trial.

. Another iupormb conoopt is success. We det‘ine ¢ success as one or
)

more of tﬁe poasiblo ozutcdmes. Then if one of th®se outcomes occurs, we

b
.

" have a success, ° : ' % /
. In rolling a, dieve could decide to derino success s rolling a5

or a 6. Then if- 5 ‘or 6 comes: :up, B success has occurred. .

LY

“He- can det'ine success in dirrerent ways. A success might be rolling‘
,An even mmber ’men ir)the oﬁtcome is 2 k, or 6 we _have a success.

Or & guccess misﬁt %e not -h.l Then aucceaa outcomea are 1, 2; 3, 4, 54
‘and "6, ': S T ‘

. The next cont;ep; to learn is tho probability of success.. The N
probability of succeu is the proportion of trials on which a success

would occur ;r t‘hore vdro o. large mmber of trials, For example, it o.

jauccess is an‘outcome of 5 or 6 in rolling a die, then the probability 2

of auccesa is l~l3. 'I'L'da io 1) boce.u,se we expect a 5 or 6 to come up
.on abogt one-third of' the tima ‘the e 1s rolled. - ‘.

- -

~ In othor vorjl.u the probabili\ty of a success is the number or

) isuocou outcomes divided by tim total number of” outcomos (including

) success. outcomol) ir all the : s have an equa.‘!. chance. Ifia success

is 5 or 6 and d.l tbo pouibl outcomes "have an equal chance, then

.
- ~
: - 16
P 2T . - N
.
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> . Teble 3 {cont.)’ - 15 -
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probability of success is 2/6 or 1/3 b,e;:ause' there are two posaible outcomes -

with ai:r.'outcomea in all, i s i ' ‘ T -
v ) On the other hand, a “failure occurs whenever' success does not ocecur. ,/- ) o ‘
) For exa.mple, it ve sey a success is either of the outcames 5 or 6 in L - K

_-rolIing a die, then the outeoms 1, 2, 3, or U could be & ru.ilu.re. The
probability of failure 18: ProBability of success aubtracted from one.

Ir success io rolling 5 or 6, probability of success is 1/3 and probability
ot failu:re s 2/3.

»
L] L]

The next concept o learn' 1s & aequonce. A sequence is vhat hp.ppené '

'u

. vhen ve canduct several trials, one arter the other. Buppose each trial
L = .
inrouiﬂgadieandwederineaauncossinaomway If we roll the \

N A

& die r:m tines ve night obtain the sequence (reiluro, failure, success,
roiluro. succeas), or moro aimply (F F, 8, P, 8). ) .

4

Any sequence has & probability The probability or 8 sequence is

-

the product or the probsbilitiea/of the individuol events. For example,-

”~

ir Probability of success is 1/3, thon the séquence (aucceu, fa.ilu.re,
sucfceas) has pro‘ba.biiiﬂar (1/3)::(2/3)::(1/3) = 2/27. The sequence )
(F, F, 8, 8, F) m probabmty (2/3):(2/3)::(1/3):(1/3):(2/3) = 8/243,

L3
L]

' We let thé mnpbor of trials in s, sequence de symbolized by the °

1&%_3_@ the number of succegses imthose trisls is called R. e
4 B ~ (i
mm‘bgr;of ﬂ.ilures.l.u F-R. . o ]

" L R=" nunber‘_of trials ) _. ) p

R "' nuzber of ‘nucéesoes

. F«R = number of failures )

‘ For example, in_ghe sequance .(B, P, 8) there are three trials exd two
successes. Therefore; K«3, R= 2, and F-R=1. -
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/ T LA CTﬁ‘crete Model for Combinstions« * . LT :
| . v ‘ . ‘
A i . ‘ I :
Buppose you vanted 1o seat 3 elves at-a table set<for 5 pecple. i )
| - ~ :
Bow many ways can you aeat them (assming that elves are identical)t .

3 1

You can “think of this problem as‘beginning with 5 spaces.
p “/ 2 3 4 5 -
. 0 88 6.8

- A

One elf?an go in each ai:ace. The first elf that is seated. has his choice
of five different spaces, Let's say Re 1s seated in sedt 5.
" 0.0 .00 @ )
EL
Ho natter vhich seat is chosen for the first elf, there are four possible

seats left for you to put the sécond elf. Let'a say you Pick the third

[] ’ *

OO@*&O@ < |
. CEAT ,_"

And no mtter whicm spaces you choose fur the rirst twvo elves, there are
three spaces left to put tho 10.:1: elt. Ict‘s say you picked the second

#

seat, « - [ ‘ ) .
o) s @ o @
Lo ‘ j ﬁ3 Z:’Z EZ. ’
The lequencaof alvuntthetlble is: ' \ o 7
B2 x E], i o = - 7 j
“This yields one poni'ble sequence of*3 plves 111 5 seata. , Hotico that
- e e N .
there ure § poti:lblo first cho:[ce& end b possible second choices and 3 ‘..
pouiblothirdchdicu. yieuinnghx3or600rder1ngs. . . )

1
«” \1 ’ . 7 ~
| -




) - . Table Ya (cont.) . -

‘But vait a l.ﬁ.nute-since Rll’ elves are identicalﬁ.there could be .
several wvays to .generate each sequencé. For exampJ;e, xEExE could be
T generated as :.E132}33 or B 8223 or xE EXE, or XE.E XE,, ete, There are .
3x2x 1 vays to arrange three elves in three seats, s0 whichever three
seats are selected there will be 6 duplicatds, To compensate for a1l .
these dupﬁcetes, you nust divide &0 orderings by . the- number of duplica.tes

oY nch, ocquonoo—-th:m, the pumber of comhinationu is 60/6 =*10.
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) T Table bd
“ " Relating the Model to the Formula . SN

. ) hd " ) . - )

JLet's say that the numbfer spaces at the table is N and the number of

' . elves is R. 'I'husn, in the abové exazple = Sand R=3, To find the

nizmber of orderings we multiplied N(I-1)(K-2) or 5 x &, x 3. The general

tormils for this is: . ,
’ : o A S ‘
. Orderings = T-RIT -
Rqsnem‘!;er thet | neans "factordal”, '51‘= 5xbx3x2x1 end (5-3)! =-2! = 2x1 g0 .
. 5[/2!=5xhx3..~' ' : . - ) ) v y
) We must also divide by the m'mber of duplicates. 'I'tlis corresponds
& to the mm’ber of ways 3 ‘eﬂ.vesi can sit in 3 places or 3 x 2x1. The ~ 4
general formula for numbér of duplicates is Rl. Thus the formula for
nomber of combinatlons is: ‘ . ” '
inettons = i ) I ]
Combine.tiona = -(—‘j-)—r-(-—)- N ;
. l : .
: 'Iims, for the elves problen N ]'T and B = 3 8o combinations = '2:3LI
‘f T or 9:14:3'/3::2::1 or 10:-. ‘1 g L s
3 N " The formula\ is Just\a shor]t hand, vay to tell about(nmber of first ; '
. gecond and third choices e number of duplicates.

.- . . ~ . .
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Table 5 Do

Efamples 6f" Threé Kinds of Adjunct Questions .

Computation . ' . B
=4, R= 2, Find C(,R) o s - ‘.

Definition -

& .

Write the formula for nusber of coibinations. .
- Jn one sentence, write the definition of number of combinations. o,

s - *

¥
.

. .
Model

- L

Suppose I pick five cards from & normel 52-card deck, with replacement,

and exactly three of the cards I picked are red. DPraw & plcture to relate l

{ this prodblem to a situation in which a certain mumber of people will be
. seated at & table set for larger iimber of pecple. How many first choices
are there? How many’second choices? How many third cl-a-cgges’?

r
"

L -
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- Table 6, -t . ' .
' A Worked Out Example - - . )
P » ) » . T . . /
. . o , .
Tom's Problem a , . ’\ -
- - . .' * "
*H=3, R=5,p=1/2 ¢ . ‘
L] u ) Fl ’ .
What Tom Said
. . r
1. First, I'1l try to think of « real @ituation that corresponds )
" to this problem. Let's say I'aw f1ftping coins. \ '
\ - d - \
2. I'1) say p refers to the probability of "heads” coming wp °
' on a flip. - ) e L, L
/ ) — .
3. Then, § refers to the number of timez'I flip the coln, ‘
which is 3. g e ‘ . ‘ B
k. AndRreferstoth‘enmberoftimesIgetahe?(tocome v
up on the coin., Eha.t happens 5 times. - p . |

5. Hey, wait a minuta. That cannot be right. How can the mumber = . .
‘of successes (5) be more then the mumber of trials {3}~ This 15., - °
' s

- . [ - ]
i" e N '
-\QQtrick problen i . . ® .
" LY
t ’ \ 4
¥ '
Y A *
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" Combinations 1s the number of “dffferent ways you can arrange R 1dentical

-

L
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' Iéf-d-.ion of a Section on Training Ca{:egorization skitx =~ ' ?

L] . I v - . . . ) . L] ,
. R . . b . .

Definitions’ ) .

l

. \ . .
B:lnom:l.?l Probability is the probability that you obtain R successes out of N -
al

- tr.

8. The problem must give a value for p (the probability of success),

& value for R (the number of successes), and a value for N (the number
of trials). The problem must ask for a probability--namely the probability -
e * A '

ot thir general outcome’

Joint Probab:ll:l'g ls the probability that you, cbtain a speci{fic sequence of R
» Successes in N trials. The problem must give you a value for p (the

1

prp’bab:ll‘:lty of success), and a specific &equence of successes and failures,
Thé problem must ask for a probability--namely the probability of this one
specific outcenme, . ’

successes in'l trials. The problen must give you a value for N (number of

.+ trials) and for R (the number of successes). The problem must ask you

for a nurber--namely how pany different combinations there are when you o
don't want to congider duplicates. T

. i’roblems T

.
. ’/ ’
. R

.

. 4
.

.
’ ’ * v

\ A -
Por each problem, fill the space with a.p (for binomial -p;‘obapility), J (‘tor d
Joint probebility), ¢ (for combinations) or X (for none). o,

- the probability of picking b reds in a row and then one blue? .

A bag has red and blue chips with twice as mepy reds as blues. Wiht is

Rl

- -

A ale 1s rolled'six times, What is the probability of evéns coming up
tvice a8 many times a5 odds? ’ ’ ’ .

-l" »
Wen a die 1s rolled four times, what is the probability of the sequence:
puccess, syccess, failure, failuye? .

. -

One-tenth of the peanuts in a barrel aré rotten. If you take five peanuts,

. vhat 18 the probability that the first four good and the fifth one is

rotten? ° ' ’

v’

N ' \ : S
If a"fair die is rolled 4 times and the ,pumber 6f successes equals half

the mumber of trials, how many different sequences could be generated?
» i‘ . i [ T
Ansvers i . »
- k] - » -
Jy Bp X, J, € - e R - N\ R
. ' N
’ . .
L L4 - p > ‘

-



, “Bequences w:lth 47 tailures? . -

o L. L 22
'I‘able'i’b L : ' Lo

.
- L]
.

Portien of & Bectioh ¢n Training Transla.tiorf 1 ’ - ot .

Detinitions - o e T e

[ 4 . » - . 1
The main variables’are:- S »

R= 'mnber“'of trisls . , . ' . Y. . . . .
R = number of sutcesses - _ -, .
P # prébability ‘of success , . ‘ .
) “ ) o . - [ LY
Problem ] . . .

For each problen liat t.he values for N R and p that are given.

A coin is. flipped six times, :gdving a 8sequence of heads a.nd ta:lls. .
How many different sequences conta:lrr two heads and four to.ils? . ’
= v b ] R ®= - " LP ‘= ' o ' ' ) >

It s die ia rolled 100 timqp-anmsuccesa 'is defined:as 1 or &, does the

number of possible gequences with 47 succesaea equal the number of poaaibl.e |
. \ '

. 'H t ; ,oR = v [y I)'"!
!

L} ) BN
Define a success as . rqliing a1l or 2 on & die, If the cue is roued five
tines, what is the proba.bilit:f that there are successes on exactl;y two of
the tr:lm? .

ok T sR= Qp‘- . .ot .
A die 1s rélled six times. Vhat is the probability of evens coming up twice *

as many times as odds? ] _ ..
A= ,ﬁ- . P " e —

o o 3 | * ) . - SN ,

- Ansvers . R S p A
. N6 Ra2 p=1/2 ‘ o . <
H =100, R= 47, p=2/3 . . : b .
H=5 R=3 p=1/3 T : - : )

R=6,R= bk, p=1/2 C.ooL e o .




